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The 40-year-old Calogero-Sutherland (CS) model remains a source of inspirations for understand- 
ing Id interacting fermions. At /3 = l,or 0, the CS model describes a free non-relativistic fermion, 
or boson theory, while for generic /3, the system can be interpreted either as interacting fermions 
or bosons, or free anyons depending on the context. However, we shall show in this letter that the 
fermionic picture is advantageous in diagonalizing the CS Hamiltonian. Comparing to the previously 
known multi-integral representation or the Dunkl operator formalism for the CS wave functions, our 
method depends on the (upper or lower) triangular nature of the fermion interaction, which is re- 
solved in perturbation theory of the second quantized form. The eigenstate is constructed from a 
multiplet of unperturbed states and the perturbation is of finite order. The full construction is a 
similarity transformation from the free fermion theory, in the same spirit as the Landau Fermi liquid 
theory and the Id Luttinger liquid theory. That means quasi-particles or anyons can be represented 
in terms of free fermion modes (or bosonic modes via bosonization). The method is applicable to 
other (higher than one space dimension) systems for which the adiabatic theorem applies. 

PACS numbers: 71.10.Pm, 11.25.Hf, 02.30.Ik 



In this letter we shall propose an explicit formula for 
solving a class of Hamiltonian eigenequation and work 
out the explicit construction of the Jack states for the 
CS model [J, Q as a specific example. Comparing to the 
previously known multi-integral representation^ [l^ or 
the Dunkl operator formalism[l3l for the CS wave func- 
tions, our method depends on the (upper or lower) tri- 
angular nature of the fermion interaction, which is re- 
solved in perturbation theory of the second quantized 
form. The similar method has also been used in a dif- 
ferent context on the explicit construction of the AFLT 
states 0. The general statement on the Hamiltonian sys- 
tem to which our construction applies is as following: 
An interacting Hamiltonian system (with Hamiltonian 
H) or its equivalent class by a similarity transforma- 
tion, is exactly solvable through finite order perturba- 
tion if its matrix form is (upper or lower) triangular 
which will be abbreviated just as triangular hereafter. 
In practice, we choose as the basis vectors the already 
solved eigenstates for an "unperturbed" Hamiltonian 
ir(o)|£:(o))o = Although not neces- 

sarily, one can choose the free theory as the unperturbed 
system, in which the interaction is turned off. H will 
contain perturbations away from H^'^\ H = H^^^ +H^^\ 
The crucial point is that we shall assume, although not 
always guaranteed to be so, that H'^^^ can be decomposed 
into i?^^) = ijll -I- H-^. Such decomposition makes our 
method differing substantially from the others' triangu- 
lating the Hamiltonian [sl. IT^ . Here, i/" is diagonal with 
diagonal entry i?^^' and H-^ is strictly triangular in the 
basis of the if^^-* eigenstates. By "strictly triangular" we 
mean the triangular matrix with zero diagonal entries. 
The hermiticity of H ^ if lost, will be restored by the 
inverse-similarity transformation. We may write H'^ = 
i/W +H\E = + E^'\ \E) = R{E)\E(°^)o. Then 



the energy eigenequation H\E) = E\E) is solved with 
the following solution, R{E) = {l- {E - H'^)'^ H-^y^ 
^^q((£' — i/'^)^^i/-'-)'\ This can be checked by rewrit- 
ing = S + {H'^ - E){1 - {E - H'^y^H^). A few 
assumptions are in need: i) \E) ends up with a finite or- 
der perturbation in powers if is nilpotent on the 
subspace in which an H eigenstate is built. A matrix A 
is said to be nilpotent if = for some positive integer 
n > 1. ii) suppose i) is satisfied, then \E) is constructed 
from a multiplet of member states ranked by the number 
of powers of H-^ action ascending from a father state. We 
shall assume within each multiplet the H"^ spectrum is 
not degenerate for generic perturbation parameters. For 
simplicity we shall assume that H-^, when acts to the 
right, actually maps a member state to its brother states 
with smaller H'^ eigenvalues, iii) With the above assump- 
tions in mind, one can show that the exact eigenstate is 
in fact obtained by a similarity transformation S from 
the corresponding father state. Thus the integrability of 
the H system inherits from that of the unperturbed H^^^ 
system. In other words, any diagonal action in the un- 
perturbed system conjugated by S, will remain mutually 
commutable when the prescribed perturbation is turned 
on. The similarity transformation S is defined by the 
following time ordered multi-integration, 

.0 

S = Texp(/ H^{t)dt), (1) 

J — OO 

Here T means time ordering with larger t to the left, and 
H-^{—oo) = because of our convention that lowers 
the maximal energy of the Hilbcrt space when acts to 
the right. It can be verified that S'|£;(°))o {l - {E - 
^rf)-i^_L)-i|£;(o)^^ = \E). One can think of as 



2 



an action to the right by adiabaticahy turning on the 
perturbation from time —oo to time 0. Consequently, 



H^{-t)dt). 



(2) 



The orthogonality maintains if the conjugate state is de- 
fined by o(£^(°^ I S""^ =0 {E''^^\{l - H^{E - H'^y^Y^ = 
{E\. One can further show that H ^ H"^ + = 
SH'^S~^. Thus the conditions that restrict our construc- 
tion is about the same as for which the adiabatic theorem 
in quantum mechanics could apply. We may identify the 
S transformation as an adiabatic transformation. We be- 
lieve the procedure should work for a class of integrable 
models. So in this letter we shall concentrate ourselves 
on the CS model (/3 > will be assumed in this letter in 
accordance with our convention of time ordering). The 
merits lying behind this construction is that the interact- 
ing fcrmion system can be regarded as an adiabatic map- 
ping by a similarity transformation from the free fermion 
system. This is in the same spirits as the Landau Fermi 
liquid theory and the Id Luttinger liquid theory. 

Being an integrable system, the CS model is exactly 
solvable. Though explicit constructions of the eigenstates 
in the second quantized form has not appeared prior to 
our present work. The integrability originates from the 
essentially free quasiparticle spectrum which accounts for 
the fractional statistics. This has been considered from 
various point of views elsewhere U 14, 1^. Although we 
generally work on the CS model with positive 13, nega- 
tive rational values of /3 for the Jack polynomials have 
been proposed in to unify the FQHE wave functions 
of the Laughlin, More- Read and Read-Rezayi type in one 
picture. [8| also relates the non-abelian statistics to the 
CS model through differential equations for degenerate 
conformal blocks. Q has gone even further by unveiling 
a deep connection between 2d WA^-i minimal models 
and the integrability of the generalized CS models. 

[Til l contains a comprehensive review on the Jack sym- 
metric function which are the spectrum generation func- 
tion for the CS model. Our recent work[7[, in which more 
relevant references can be found, also constitute a concise 
introduction on the subject. The CS model is introduced 
for studying N interacting particles distributed on a circle 
of circumference L with the Hamiltonian, 



if, 



^1 



(3) 

1=1 i<j ^ J' 



Here for convenience, we have set f? jm = 1, L = 
TT. For simplicity, we shall restrict ourselves to 
the following simple solutions of the eigenfunctions 
(for more general boundary conditions, see [3, IH), 
^\i{xi}) = '^o{{xi})jl^^{{zi}). Here, the ground state 



^oi{xi}) is the Jastrow-like wave function, ^>Q{{xi}) = 
flj^^- sin^(xij), J\{{zi}) is the Jack symmetric polyno- 
mial with Zj = exp(2ia;j). For each Young tableau 



A = {Ai,A2,-- - ,Xn}, with A^ > A^+i > 0, we nor- 
malize the energy eig envalue as 2Ex, Ex = Y.Pf^ P^ = 
X, + I3{{N + l)/2 ~ i). It is known that the Jack poly- 
nomial is triangular in the sense that it is a linear su- 
perposition of the squeezed states starting from a dom- 
inant symmetric monomial. However, in this symmetric 
monomial basis, it is difficult to separate the interacting 
Hamiltonian to i/" and parts. See however, for 
diagonalization on this basis. So we have to find other 
basis in which our method could apply. For this reason 
we prefer to work on the second quantized form of the 
Hamiltonian for the collective motion of the CS model, 

iJ = /C ^ {a-na-man+m + a-n-manam) (4) 
n,m,>0 

n>0 



Here /3 = fc^. k is the charge unit of the N identical 
particles, [a„,am] = n5n+m,o, [ao,q] = 1- The ground 
state energy Eq is no longer included in H. This is the 
bosonic picture of the CS system which describes the 
density fluctuation of the electrons. To transform this 
Hamiltonian to the original CS Hamiltonian, we shall 
use the vertex operator formalism defined by 



Vk{zi) = exp(fc 



ri>0 



a_„zr/n) exp(~fc^ a„z-"/n)e'='zf'^°, 

n>0 



and 'i'\{{xi}) = Ja Hili ^/^(^Ol^m)- Here ao\kin) = 
kin\hn), kin = -{N-l)k/2, kf = {N+l)k/2. Jx solves 
the equation {0\JxH ~ {0\Jx{Ex — Eq). Then we have 

Hcs*a({x.}) = {kflJxiH + Eo)2l\f^,Vkiz,)\hn) = 
2Ex'ifx{{xi}). Ja's are the Jack symmetric functions in 

the power sum basis, Jx = J_J^'^({a„/fc}), not in an ap- 
parently squeezed form. So in the bosonic picture, H 
does not warrant an explicit decomposition into i?" and 
H-^ parts. However, we know that for /? = 1, the Jack 
states reduce to the Schur states, which corresponds to 
a free non-relativistic spinless "chiral" fermion theory. 
This suggests that wc may rewrite H as an interacting 
fcrmion theory with perturbation parameter (3 — 1. The 
construction of the Schur states in the fcrmionic picture 
is made possible by the standard bosonization (for con- 
venience we assume Neveu-Schwarz (NS) boundary con- 
dition for the moment), a„ = '^rez+i/2 ■ ^n-rCr '■, with 
{br,Cs} = Sr+s,o, f^s E Z + 1/2 and 6^10) — Cr\0) = 
0, r > 0. Hereafter for simplicity we shall drop the term 



n>0 ' 



^an in the original H, for it just adds a 
value /3A^|A|. The Schur functions are the eigenstates 

of H at /3 = 1, = Hp=i = E.>o(''' + j)ib-rCr - 



Each Schur state is created by a monomial of equal num- 
ber d(X) of &_j.'s and c_s's acting on the vacuum state 
with d{X) the number of squares along the diagonal line 

of A, |A) ^ .a|0) = (~l)^^i^^i/2-..)n^(A);,_^_e_..|0). 
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The Schur function in the fermionic picture is labeled 
by the Maya diagram which is translated into the Young 
tableau j2(j| this way: = — z + 1/2, Sj = A* — i + 1/2. 
Here, A = {Ai,A2,...} denotes the Young tableau and 
A* = {A*,A2,...} its transposed Young tableau. For 
P ^ 1 CS model, the two body interaction appears and 
the interaction strength is proportional to /3 — 1. There- 
fore we need to eliminate any odd powers oik'mH , which 
make branch cuts in the coupling space after fermion- 
ization. This can be done by the following redefinition, 
d_„ = a-n/k, CLn = fca„, n > and oq = kag, q = q/k. 
We call the above non-unitary similarity transformation 
the D transformation, which keeps the bosonic commuta- 
tors invariant, and as we shall see, also makes the Hamil- 
tonian triangular in the fermionic picture. Making the 
standard bosonization to a„'s, one found that the Hamil- 
tonian H can be written as 



r>0 

+ ^ -(2r-hs)(l-/3) : 6-sC_r6^c, :, 



(5) 



r+s>0 



(1-/^) J2 {^r + -{s + I)) : bkCibrC : 



r+s>0,r+l<0 
k+l+r+s=0 



is strictly triangular. That is to say, it always 
squeezes the original Young tableau A for a given Schur 
state to the "thinner" ones A"s for states after its action. 



A'<A^ VA', < VA„for J = 1,2, 



1=1 



i=l 



(6) 



To see this triangular nature in a more transparent form, 
is simplified and decomposed into 5 subprocesses, 

1 



2(1-/3) 



E 



{r - k) : bkCibrCs : 



r+s>0,r+l<0 
r>k.k+l+r+s=0 

n=s-l/2 

n=l,r>,s>0 
n=[{r-s-l)/2] 

(s - r + 2n)b^r+7ib-s-nCsCr 

ri=l,r>s>0 



n=s-l/2 

E 

n— l,r,s>0 



{r + S- n)b^s+nC-r-nbrCs (7) 



r>;>0,s>0 

E 

;>r>0,s>0 



{I - r)b_iC-sb-rCr+s+l 



here [x\ stands for the integer part of the number x. 
Each line in the above expression stands for a process 



of "squeezing" (moving downwards plaquettes in) the 
Young tableau representing the fermion monomial in 
agreement with ([6]). While process l)-3) does not change 
fi(A), process 4) or 5) make it changed by ^1. i/" shifts 
the energy-eigenvalue of the Schur state from E 



(0) 



to 



Ex'' = T,ili{>H - /3(2i - l)Ai), which is the cigcnen- 
ergy for the Jack state. H-^, however, only changes the 
fermion monomial (Schur state) to a fermion polynomial 
(Jack state) and docs not change the eigenvalue. Let's 
first concentrate on the ket state \pI^^) = S{k)\\) = 



DRx\X). Here, D = exp(- log(/c)(gao+E 



and i?A = (1 - (E;^"' - H'^y^H^y^, S{1) = S and 
S{k) — DS has also scaled back the \/k factor for the 
a_„'s (n > and a„'s will gain a factor k) are related to 
the fermionic oscillators through standard bosonization. 
This way H = S{k)H'^S^^{k) will resume hermiticity (no 
longer triangular) . Similarly, (-Pft | = (A|S'~^(A:). Here we 
have used the duality relation P^t{—kan) cx P^^^ (an/k). 



The orthogonality is obvious: 



(X|A) 



For a standard-normalized Jack symmetric func- 



tion, jy*^ = (a_i/A:)l^l + • 
6^,xjx. Here = 



7l//3| A/P 



we have (J^ i^-^;^ 



A 



,l//9 



B 



Y[{ax{s)r' + lx{s) + l), 
l[{{ax{s) + l)r'+h{^)) 



(8) 



seA 



a\{s) and lx{s) are called arm-length and leg-length of 
the box s in the Young tableau A, ax{s) = Xi — j, 
lx{s) = A* — z. With this normalization, we have 



jy^) = \PyyAr and (J; 



l//3\ a1/P 



ri//3| 



B 



Pftl- We have 



checked this fermionic formalism for Jack states up to 
level 4. all of them match with those obtained from the 
known bosonic examples (solved by brute force) as de- 
sired. Wc now write down the level 3 results for readers' 
reference, 



Jr 



1//3 \ _ 



7I//3 ' 
t1//3 ' 



= 6|b) 



2^ + 1 



2(/3-l) 

/3 



an 



(/3 + 2)(/3+l) 

2(/?-l)(/3 + l) m, 
;32 1^ ■ 



(/3-l)(/3~2) 

/32 



The integrability of the CS model is also nicely in- 
corporated in our formalism. The usual Dunkl ex- 
change operator or Sekiguchi differential operator does 
not apply here since there is no simple way translating 
the coordinate formalism to the collective mode formal- 
ism for higher order invariants. To get the CS spec- 
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trum, put N vertex operators VkiziYs acting succes- 
sively on the \kin ~ k/2) vacuum starting from Vkizpf)- 
If only the creation modes are taken into account, the 
resulting state is a linear superposition of the following 
modes labeled by Young tableau (with maximal N rows), 
V(i_Ar)/3/2-Ai ■ • • V(7v-i)/3/2-A„l^in - k/2). Here the i-th 
mode carries the momentum ((A^+l)/2 — i)/3+Ai and the 
CS energy is just summing over each momentum square. 
Notice that for (3 = 1, we come back to the free fermion 
theory (NS sector => G even). In this case we can 
define a momentum operator for the specific fermionic 
mode b-r, -Pr"' = ^ ^^-r-Cr ^ • Here the normal ordering 
^ • • • ^ is defined with respect to the "empty" vacuum 
\h„ - 1/2) at /? = 1, brlhn - 1/2) = 0, r > N/2. 



''be'' 



bres, ifr<iV/2; 
-Csbr, if r > N/2. 



For (3 1 CS model, we choose to stay in the fermionic 
picture, so that the canonical commutation as well as 
the normal ordering just defined remains valid. To pro- 
duce the exact CS spectrum, we just need to define the 
shifted momentum operator for each fermionic mode, in 
a way similar to the minimal coupling of a self-generated 
fictitious gauge potential. This pseudo-momentum op- 
erator for a specific mode is in fact for a collective mo- 
tion, since additional information on each electron's rel- 
ative position among the total of N electrons is needed, 

= Pi") + = b^rcr (r- + (/3 - i)((a^ + 1)/2 - 

J2s>r x^-s'^sx))- For /3 = 1, pj' vanishes and the 
"gauge" potential drops out, and we get exactly the mo- 
mentum operator P^*^' for the mode b^r- For /3 7^ 1, a 
self-generated "gauge" potential has to be coupled. The 
ground state is specified by the null Young tableau, and 
the Fermi sea is filled up to momentum {N — l)/2. We 
call this filled Fermi sea the perturbative vacuum state 
/), br\f) = for r > —N/2. Since there are two vacuum 
states considered, there exists two kinds of normal order- 
ing each associated with different vacuum state, which 
one to choose depends on the context. For example, in 
constructing the Schur or Jack state, we arc doing per- 
turbation around the filled Fermi sea |/), so it is better 
to work with the following normal ordering 



bj.Cs 



brCs, iir<-N/2; 
-Csbr, ifr>-N/2. 



Now define H"^ = Ylri^rY ■ If the i-th electron's momen- 
tum is moved up exactly by amount, then iP* acts on 
this system will produce the exact CS spectrum. S{k) 
act on this fermion monomial state will produce the ex- 
act Jack state. Since [P^, Pf] = 0, the conserved charges 



can now be constructed, W = S(k)Y:^^(P^)"S^Hk) 
[W.W""] = 0, n,TO > 0. 

We have shown in this letter that Jack symmetric func- 
tion is triangular in the basis of Schur functions. On 
the other hand, expanding in symmetric monomial basis 
Pl^^a^?}) = {v'/^rxrn,, = P$;.s.({zr}) ^ R-^ ^ 
{v'^Xii^'rX- Here, {{v^/P)';} as wcU as {{{v'rX} 
is a triangular matrix with unit diagonal entry. This 
shows again that the matrix {Rx}, as well as H, with 
their explicit form given in this letter, is triangular. To 
get the bosonic formalism we can use the well-known 
Frobenius formula to expand the Schur polynomial in 
the basis of power-sum polynomials and the transition 
coefficient is proportional to the character for the related 
representation evaluated in the conjugacy class of sym- 
metric group [13. 
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